MUHHICTEPCTBO HAYKH 1 BBICILIEI'O OBPA3OBAHNA
POCCUICKON ®EJEPALIN

denepabHOE TOCYIAPCTBEHHOE aBTOHOMHOE
00pa30oBaTeIbHOE YUPEKICHUE BBICIIET0 00pa30BaHUs
«Camapcknii HAMOHAIBHBIM MCCIIEN0BATENBCKUM YHUBEPCUTET
nmenn akagemuka C.I1. Koponeay»
(Camapckuii yHUBEPCUTET)

NucTuTyT MHPOPMATHKY, MATEMATHKH U DIEKTPOHUKHU
daxynpTeT UHPOPMATUKH
Kadenpa Texanueckoit KHOEpHETHKH

OTtyer no KypcoBoii padbote
JucuuminHa: «YpaBHEHUS] MAaTEMAaTUUECKON (DU3UKI

AHaJIMTHYECKOE PellIeHHe KPaeBbIX 3a/1a4
MAaTEMATHYECKON (PU3UKHU

Bapuant Neg

Crynents! rpynmsl 6407  Anypun A.C.
I'pununa B.C.
ITomos /I.C.

[Iposepun Hertsapes A A.

CAMAPA 2018



3AJJAHUE K KYPCOBOM PABOTE

OcymiecTBUTh MAaTEMaTUYECKYIHO0 TIIOCTAaHOBKY KpaeBOM 3ajgayu s
(u3MYecKoro mpouecca, OMUCAHHOTO B MPEIOKEHHOM BapHaHTE KYpCOBOM
paboTHI.

Hcmonp3ys MeTon pasaenieHus mepeMeHHBIX (Meton Dyphe) momyduTh
pelieHrne KpaeBou 3ajlaud B BUJE paslioxkeHUs B psiag Dypbe Mo cOOCTBEHHBIM
dbyHKIUsAM orepatopa Jlamiaca, COOTBETCTBYIOIIUM KPA€BbIM yCIOBUSIM 3a/1a4H.

UccnenoBath cxoquMocTh psjga Oypbe, TOIyYUuTh OLEHKY OCTaTKa psija.

Pa3paboTrath KOMMBIOTEpHYIO MNpOrpaMmy pacdeTa (QyHKIHUHU-pEHICHUS
KpaeBoil 3amaun (cymmupoBaHus psga Oypee) ¢ TpeOyemoit Tounocthio. [Ipu
pacuere  kK0dhPUIMEHTOB  psAga  HMCIOJIB30BaTh  METOA  YHCICHHOTO
MHTETPUPOBAHUS, €CIIU 3TO He0O0XoauMo. O0ecneunTh KOHTPOJb MOTPEIIHOCTH
YUCJIEHHOTO UHTErpupoBaHus. Eciu HeobxoaumMo, To pa3padboTaTh CrielHaIbHBIHN
MPOTPAMMHBIA MOMYJb JUIsl BEIYHCICHUS HCTOJIB3YEeMbBIX COOCTBEHHBIX UHCEIN
oneparopa Jlanmmaca. OOecneyuTh KOHTPOJIb MOTPEIIHOCTA BBIYUCICHUS
coOcTBeHHbIX umced. KommbloTepHas mnporpamMma J0bKHAa 0O0ecreyuBaTh
BO3MOXXHOCTh JIMAJIOTOBOTO pPEXHMa BBOJAa (PU3NUECKUX, T€OMETPUUYECKUX
napaMeTpoB 3aJayd, YUCIa CYMMHPYEMbBIX 3JEMEHTOB psifa, T'papUUECKyIo
BHU3yaIN3alMI0 PACCYUTAHHOTO PEIICHUS 3a]]a4u.

Hcnons3yst pazpaboTaHHYIO0 MpOrpamMmy, MPOBECTH IKCIEPUMEHTAIBHOE
UCCIIEIOBAaHUE KauyecTBa MOJYYEHHON aHAIMTHUYECKOM OLIEHKU OCTaTKa psijaa
Dypre.

OdopMuUTh OTUET O BHIIOJIHEHHOM KypcoBOil paboTe.



BAPUAHT 8

Pazpabotarh mnporpammy pacuera JUHAMHKA TIOJISI KOHIEHTpALUU
BEII[ECTBA B IMWJIMHJPE HA BPEMEHHOM MPOMEXyTke (< ¢ <7 . Jlns 9uciIeHHbIX
pacyeToB  HKCIOJB30BaTh MPEJCTABICHUE PEIICHUS ONMUCAHHOW  3aJadyu
MaremaTudeckod ¢u3uku B Buae psaga Dypbe MO COOCTBEHHBIM (DYHKIUSM
oneparopa Jlannaca, yA0BIE€TBOPSIOIIUM KPAaeBbIM YCIOBHSM 3aJa4H.

B nununape koHeuHou 1inuHbl [ Haxoautces 1udpyHanpyroliee BemecTBo,
KOHIICHTpAIUsl YacTUI[ KOTOPOTO B MOMEHT BpeMEHH ¢=( OMNUCHIBACTCS
(GyHKLIHEH:

ul_=y(x), 0<x<l,

r7Ie x — YUCIIOBAasl OCh, HAIPABJIEHHAS BAOJb OCU LIUIUH/IPA.

Kosdpdunument nuddys3uu BeniecTna sSBISIETCS MOCTOSHHBIM U paBeH D.
Konipl munuHApa 3aKkpbIThl  MOJTYHEIPOHHUIIAEMBIMU MeMOpaHaMu, uepes
KoTopbele mnpoucxoaut nuddysus BemiectBa. [lpenmonaraercsi, 4To MNOTOK
BEIIECTBA Yepe3 MeMOpaHbl MPONOPLHUOHANEH PA3HOCTH KOHIEHTPALMMA

BEIICCTBA BO BHEIITHEH Cpcac U B TUIMHAPEC, T.C.:

Ju
——H@u-u)| =0,
0x ¢
x=0
Ju
—+Hu—-u)| =0,
ox B
x=[
r€ u, — KOHLECHTPAIUs BEIIECTBA BO BHEUIHEH IO OTHOLICHHIO K

UUIUHIPY cpene, H — memOpaHHbiil koadduiuent nuddyzum.

BbokoBasi mOBepXHOCTh UJIMH]IPA SBJISIETCSI HEIPOHUIIAEMO.

[Iponecc nuddy3un BemecTBa CONPOBOKIACTCS IBICHUEM Pa3MHOKEHUS
€ro 4acTHIl, MPUYEeM CKOPOCTb PA3MHOKEHUS B K0 TOYKE MPONOPLIHOHAIbHA
UX KOHIEHTPALUH B 3ToH Touke. Koo GumenT nponopunoHansHOCTH paBeH 3

KoHienTpamuio BemiecTBa CYUTaTh OJMHAKOBOM BO BCEX TOUYKaX

MOMEPEYHOT0 CEYEHUS IWJIMH/PA B JIFOOO MOMEHT BPEMEHH.



[Ipy NpOBENEHUMH PACUETOB MCIIOIL30BAThL 3HAYEHMS MAPAMETPOB U
BhIpaXKEHHE (PYHKIIMH, YKa3aHHEIE IPEIOIABATENIEM:

[=20M,

D =0.6Mm%/c,

u_=0Kr/™m’,

H =4Mm?/c,

T =100c,

B=0,

w(x)=0.4sin® (%) KI/M>.



PE®EPAT

Otuyet no KypcoBoit padore: 35 ¢., S pUCYHKOB, 2 TaONUIIbI, 5 UCTOYHUKOB,

3 IpUJIOKEHUS.

YPABHEHUSI MATEMATHWYECKOM  ®U3UKU, KPAEBAS
3AJAYA, VYPABHEHUE JUOOY3INHU, METOA  PA3AEJIEHUA
INEPEMEHHBbIX, COGCTBEHHDBIE ®YHKIINN OIIEPATOPA JIAIIUTIACA,
PAN ®YPBE, OHEHKA OCTATKA PAJIA.

[lenbto KypcoBOM pabOTHI SBISAETCS MOJTYUYCHHUE PEIICHUST KpaeBOM 3a1aun
mudy3un 11 MUIMHIpA KOHEYHOM IJIMHBI B BUJIE pa3iioxeHnus B psia Oypre 1o
coOCcTBeHHBIM (YHKIUMAM oreparopa Jlammaca u co3laHne KOMIBIOTEPHOM
MpOTrpaMMBbl JiJIsl pacyeTa (YHKIIUU-PEIICHUs C 3aJaHHON TOYHOCTHIO.

s monydeHuss aHAIUTUYECKOTO PEIIEHNs] KPaeBOW 3aa4u UCITOJIb30BaH
METOJ| pa3JeieHus nepeMeHHbIx (Metoq dypobe). Penenue 3amauu noaydyeHo B
Bujie OeckoHeuHoro psga Oypee-beccens. [lonydena olieHka octaTka psija.

Pa3paboTtana xommbploTepHas nporpamma, oOecleuuBaroIlas pacyeT u
rpaMyecKyr0 BHU3yaJHM3allMi0 KOHIIEHTpAllMd BeEIIecTBa B IIWIMHApPE Ha
BPEMEHHOM MPOMEXYTKE. J[J11 KOHTPOJISl MOTPEIIHOCTH yCEeUEHUsI O€CKOHEUHOTO
psla UCIIOIB30BaHa OIIEHKA OCTATKa PAAa.

[IpuBenensl rpaduueckue pe3yiabTaThl YHCICHHOTO PEIICHUs 3aJadu
muddy3un, a TakKe pe3yJabTaThl JKCIEPUMEHTATBLHOIO  HUCCIETOBaHUS
MPAKTUYECKON MPUTOJHOCTH MOJYYCHHOM OIIEHKU OCTaTKa PAJA.

[Iporpamma Hanucana Ha si3bike Python 3.7 B cpene pazpadotku Pycharm

2018, onepannonnas cucrema macOS Mojave.
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BBEAEHUE

Meron pasneneHuss HNEPEMEHHBIX OTHOCHUTCS K KJIACCYy AHAJIUTUYECKUX
METO/I0B PEIIEHUS KPAaeBbIX 3a7]a4 MaTeMaTUUeCKON (pu3nuku. XapakTepu3ys 3TOT
METOJ HEOOXOJIMMO BBIJEIUTH €ro JOCTOMHCTBA U HEJIOCTATKH B CPABHEHHH C
JIPYTUMH METOJIAMHU.

K nmocromHCcTBaM MeTONA pasfeneHus IMEPEMEHHBIX CIENYET OTHECTH
BO3MO>KHOCTB ITOJTyYEHHS TOYHOTO PELIEHNs KpaeBou 3a1aun B BUAe psga Pypse.
Takasa ¢gopma pemieHus: 3aJadyd 4acTO M BECbMa YCIEIIHO HCIOJIb3YETCS IS
TEOPETUYECKOTO UCCIIETOBAHUS CBOMCTB ATOTO pEIICHMs. B cilyyae 1ocTaTtoyHo
OBICTPON CXOIUMOCTH pAna Pypbe OHA MOXKET C YCIEXOM HCIOJIb30BAThCS IS
YUCIIEHHOT'O0 MOJEIUPOBaHUs (PU3NUECKOTO IIpoLecca.

K d4umciay HEZOCTaTKOB METONA CIEAYEeT OTHECTM €Tr0 HEBBICOKYIO
YHUBEPCAIbHOCTh. DTOT METOJ BeCbMa NpPOOJIEMAaTUYHO HCIONb30BaTh IS
pelieHrs HENVMHEHHBIX YpaBHEHUUW MaTeMaTUuecKoll (HU3UMKHU, ypaBHEHUU C
MEPEMEHHBIMU ONEPATOPHBIMU KOA(DPUIIMEHTaMU, a TaKXke IS pelIeHUs
KpaeBbIX 331a4 B 00JIACTSX CO CIIOKHBIMU FPAHUIIAMHU.

CyTp MeTOna paszieneHuss NEPEMEHHBIX COCTOMT B (DakTOpU3aluu 10
KOXIOW HE3aBUCUMOW TMepeMEeHHOW (YyHKIMU, ONpenensioniell pelieHue
ypaBHEHUs MareMaTthdeckoi (usuku. Jlanmee ocyuiecTBiseTcss mepexoi K Tak
HazpiBaeMor 3amade llItypma-JInyBumis, peleHHe KOTOPOW MPUBOIUT K
MOJIYYEHUI0 COOCTBEHHBIX (PYHKIMH M COOTBETCTBYIOIIMX UM COOCTBEHHBIX
yucen omneparopa Jlamiaca. 3aTeM pelieHre UCXOAHOW 3aJayd WILETCA B BUJE
psna Oypbe M0 3TUM COOCTBEHHBIM (DYHKITUSM.

B Hacrosimeit paboTe MeTON pa3fesieHHs] MEPEMEHHbIX MPUMEHEH IS
MOJYYEHUS] aHATUTUYECKON (OpPMBI pEIIeHUs] KpaeBOM 3alaud TPEThEro BHUAA
g dy3un. Ha ocHOBe 3TOTO0 pe3ynbrara pa3paboTaH alrOpUTM U KOMITbIOTEPHAS

MporpaMma YrCICHHOTO MOAEIUPOBAHUS mpoliecca TudPpy3un B MUIHHAPE.



1 MaremaTuuyeckasi NOCTAHOBKA 3aJavu

PaccMoTpuM MUIMHAP KOHEYHOW JUIMHBI, KOHIIEHTpAIlUs BeIleCTBa
KOTOPOT'O0 B TOYKE MPOCTPAHCTBA ( X, ¥, z) B MOMEHT BPEMEHH { OIPEAeIISICTCS
bynxuuen u(x,y,z,t).

MaremaTtudeckasi Mo/iesib OYAET BHITIISIETh CIEAYIOINM 00pa3oMm:
ut(x,t)=Duxx(x,t), O<x<l, 0<t<T;
u(x,O):l//(x), 0<x</;
ux(O,t):H(u(O,t)—uc), 0<t<T;
ux(l,t)z—H(u(O,t)—uc), O0<t<T.

(1.1)

CnemaeM 3aMeHy u(x,t):v(x,t)+ w(x,t) [1] Tak, 4TOOBI TpaHUYHBIE

ycaoBus 3aaaun (1.1) cranu oqHOPOIHBIMUA OTHOCUTEIBLHO v(x,t).

v(x0)+w(x0) !//(x), 0<x</;
(0.)+w, (0.)= H(v(0,6)+ w(0,)~u,), 0<t<T; (1.2)

(
v (l t) ( ) (v(l,t)+w(l,t)—uc), 0<t<T.

X

O‘-IeBI/II[HO, MBI MOXXEM B3ATh W(.X',t) =u

Torz[a ITOCJIC 3aMCHBI UTOTOBas MaTCMaTHYICCKasA MOACIIb 6YI[CT HUMCTb BU:

Vt(xat):DVxx(x’t)’ O<X<l, O<tST,

( )— () = (x), 0<x<I; (13)
v, (0,1)- Hv(Ot) 0<t<T;

L x(,)+Hv(,)— , 0<t<T.



2 AHaluTHYeCKOe pelleHue KpaeBoil 3amauyu auddy3nu MeToaoM

PasacjacHud NEPEMECHHBIX

[TorckoM aHATUTUYECKOTO pelieHus 3auuMaics ctyaeHt [ punnna B.C.
Niem pernieHue 3aga4uu B BUJIE psijia IO COOCTBEHHBIM (DYHKIIUAM 3aa4u

Irypma-JInyBus [2]:

v(x,t)=Zvn(x,t)=27;(t))(n(x). (2.1)
PaccmoTpuM onMH 4iaeH psAaa OTACIBHO, YTO HAM ITO3BOJIAECT CJHENIaTh

OPTOTOHAJILHOCTH COOCTBEHHBIX ()YHKITUH.

v, (x.t)=T(¢)X,(x). (2.2)
Torna nepBoe ypaBHEHUE MOJIEIIN ITPUMET BUI:
T'(¢) X (x)= DX (x)T(¢). (2.3)

Pa3z:en;[;1 MEPEMCHHBIC, IMOJTYYHUM:

() o). (2,4)

(o) x(e)

rac 12 = const, TaK KakK JICBas 4aCTbh 3aBUCHUT TOJIBKO OT {, a IIpaBasi — OT

3aMeTHUM, YTO PEIICHHWE HAIIeH 3aJa4yd OTHOCUTEIBHO X (x) CBOJUTCA K
pewenuro 3anauu Itypma-JinyBumis:
DX”(x) =-1 (x);
X’(0)- HX(0)=0; (2.5)
X'(1)+HX(1)=0.
Tak Kak I NaHHBIX KPAaeBBIX YCIOBHM AHAIUTHYECKOE BBIPAKECHHE

peuiCcHusA 3aa4r MOXKCT OKa3aTbCd OYCHBb CJIIO0KHBIM, BBCACM JOIIOJHUTCIBHOC

YCJIOBUC CHMMCTPHUYHOCTHU ®YHKHHH l//(x) OTHOCHUTCIIbPHO 3HAQUYCHUA X = —.

Torna 3agada OyJeT UMETh CIEIYIOMUA BU:



DX”(x)=-A"X(x);
X'(0)- Hx(0)=0; (2.6)
X'(£)=0.

N3 XApPaKTCPUCTUICCKOI'O YPpaBHCHHA 3a/la4U ITOJTYyYHNM:

i+ A% =0. 2.7)

Haitnem o01uii BU peIieHus U ero MepBOM MPOU3BOTHOM:

X(x)zC1 cos(%x]+€2 sin(%x}, (2.8)

X’(x)z—Cl\/%sinL}xJ+C2\/7cos(\/£ ] (2.9)

[TonctaBum ypaBHeHus (2.8) u (2.9) B kpaeBble YCIOBUS U TOIYYUM:

Cz%:HCI;
A

( 1\/7+HcJsm(%z)ﬂq+Hc1)cos(—DzJ=o; (2.10)

s lals el

Pemus JaHHYIO0 CUCTEMY, ITOJIYYHUM YPABHCHHUC!

A sin( M )—cos[ij (2.11)
HD  \2VD D)
Beenem nBe 3aMeHBbI:
Al
o=—, (2.12)
2D
C= ﬂ (2.13)
2
VYrupoctus ypaBuenue (2.11), noxyuum:
tgeo = g (2.14)

(04
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VYpaBuenne (2.14) He pelraeTcs aHAIUTHYECKU. ETO YnciieHHOE pelieHue

MPEJICTABIICHO B pa3ene 3.

IloxcraBum B (2.8) HaW/ICHHBIC YHMCICHHO COOCTBEHHbIC YHCIA ¢/ U

MOJTYYUM BBIPAKEHHE J1J11 COOCTBEHHBIX (DYHKIIUIA:
2o 2o 2
X”(x)z—”cos[ l”xj+sin( Z”x]. (2.15)

Tenepp paccMoTpuM ypaBHEeHHE (2.4) OTHOCUTENBHO (YHKIIMU T(t).

ITomyuyum ciienyrouee ypaBHEHHUE:
T’(¢
J =-A% (2.16)

PemmM 310 ypaBHEHHE METOAOM Pa3ACICHUS NEPEMEHHBIX:
2
T (=A™, (2.17)
rae A — uHTerpanbHelil kodpduiment psaa Pypbe. HaxoxaeHue sTux

K03(pdULIMEHTOB IIpeACTaBIEHO B pa3ene 4.

HroroBas popMya pacuera KOHIEHTPAILUU BEIIECTBA:

oo

V) =3, (x) 7, ()=

"= (2.18)

= | 2a 20 . [ 2
zzAne . Zcos Zx |+sin x ||.
~ Hl / /

11



3 Pacuet coOCTBeHHBIX 4nceJ oneparopa Jlamiaca

PacueTom coOCTBEHHBIX 4Hcen omeparopa Jlammaca 3aHUMAanCs CTYIEHT
I'pununa B.C.

N3 ncxoaHoM KpaeBoil 3aaun METOJOM pa3lieNieHUs] IEPEMEHHBIX ObLIO

MOJIy4€HO, UTO COOCTBEHHBIE YK CIIa YAOBIETBOPSIOT ypaBHeHHIO (2.14), koTopoe
SIBJISIETCSI TPAHCICHACHTHBIM.

PI/ICYHOK 1 mnoxa3piBaeT pemiCHus 3TOI0 YpPAaBHCHHA C 3daJdHHBIMHU
rnapaMeTpamH.
100 T} T
’{ — y =tan(x)
75 4 '
50 A

- _C
\I — y B 7
‘1’
"1
}
25 A

)
r_;ﬂ._ —~— . r r

-50 A \
’v
‘4
r
!
-75 4 I"
|
_100 T T T l T T T
-10.0 -1.5 -5.0 -2.5 0.0 2.5 5.0 7.5 10.0
Pucynok 1 — Pemenus ypaBuenus (2.14)

Haiinem uyucnenuele peuieHust ypaBHeHus (2.14) ¢ momoiibio MeToaa

HproToHa, Tak Kak OH 001a7aeT KBaApPaTUIYHON CKOPOCTHIO CXOAUMOCTH M TIPOCT

B peamu3zanuud. TakuM o00pa3oMm, cCBeAeM 3aJady K 3ajade YHCICHHOTO
HAXOXJEHUS KOPHEH QyHKITUN:

12



C
f(x)=tgx—;. (3.1)
[IpoBepum ycnmoBus cxoguMmocTu Metona HerotoHa [3], eciin Mbl 3amaem

HAYATbHOE IPHOIIKEHNE x, Ha OTPesKe (a,b):
1. £”(x) ne menser cBoero 3naxa Ha (a,b);
2. f(x)#0;
3. Vx,e(ab), f(x,)f"(x,)>0.

Jns ypaBHenus (3.1) Bce 3TU ycloBUsI BRITIONTHSIOTCS. Pelienue ypaBHeHus

6y,Z[GM HCKATh CJICAYIOIUM UTCPATUBHBIM MCTOJJOM:

(3.2)

Hawamenoe npubmmxenne x\" moa Towcka k-ro 3HadeHus Oyjem

BI)I6I/IpaTI) CJICBA OT IIOJIFOCOB C YYCTOM IIOTPCITHOCTH £ CICAYIOUIUM 06pa30M:

i = %mk—g. (3.3)

Pucynok 2 noka3zbeiBaet rpaduk ¢pyHkiuu (3.1) ¢ OTMEUEHHBIMU KOPHSIMHU

Hn aCUMIITOTaMH.

13



100 T
— fix)
® KopHu

751 ---- ACUMNTOTbI

50 A

25 A

N

—25 1

—-50 1

—-75 1

_100 T T T T T T
-10.0 -71.5 -5.0 -2.5 0.0 2.5 5.0 7.5 10.0

Pucynok 2 — I'padux pyukiuu (3.1)

Ta6n1/1ua I moka3wIBaeT PE3YyJIbTAaThl UCIIOJIL30BAHUA MCTOIA Hrrotona I

HaxO0XJAeHUs! KOA(PPULIIMEHTOB ¢ .

Tabnuna 1 — 3nadenus kopuen @ynkuuu (3.1)

n o, n o, n o, n a,
0 1.532502| 10| 32.307315| 20| 63.394732| 30| 94.647633
1 4.597943| 11| 35.403797| 21| 66.514871| 31| 97.777691
2| 7.664660| 12| 38.503570| 22| 69.636431| 32| 100.908363
3| 10.733415| 13| 41.606420| 23| 72.759288| 33| 104.039604
4| 13.804845| 14| 44.712127| 24| 75.883335| 34|107.171372
5| 16.879445| 15| 47.820472| 25| 79.008471| 35| 110.303630
6| 19.957554| 16| 50.931240| 26| 82.134607| 36| 113.436343
7| 23.039371| 17| 54.044232| 27| 85.261661| 37| 116.569481
8| 26.124969| 18| 57.159259| 28| 88.389560| 38| 119.703016
9| 29.214319, 19| 60.276146| 29| 91.518238| 39| 122.836920

14



4 Pacuyer nHTerpajibHbIX KO3 PuuueHToB psiga Oypne

Pacuerom wuHTerpanbHbix ko3 duimeHToB psaga Dypbe 3aHUMAICS

ctyneHT Anypul A.C.
Jtsi MHOXeCTBa OPTOrOHAIBHBIX Oa3MCHBIX QYHKIMA X (x) HaleM

HOPpMY n-T'0 4JICHA KaK:

]

L= [x?(x)dx=

0 4.1
0 isinfde) sn'(20) 207 osn(de)
2 8, | H mM 2mu

Hcnonb3yst 3TOT pe3ynbTaT, BRIPa3uM UHTETpabHBIN KO3 UITUEHT psiaa

®ypee A uyepes X (x) 1 KpaceBoO€ YCIIOBHUE:

l
n 0

| (chos(2ocn)—Hl—2an sin(2a, ))

L IOHocn(aj —71'2)

h|~

(4.2)

15



5 UccaenoBanue cxoquMocTu psajga @ypbe. Ounenka octaTka psajaa

CxonumocTs psana Oypee uccnenoran cryneHt [lomos J1.C.

[TonmpoOyem HalTH BEPXHIOIO OLIEHKY Ha cyMMmy psna (2.18). Bcnomuum

HalICHHOE 3HAYEHME TTOCTIEI0BATENBLHOCTH QyHKIMA T (t) u3 (2.17):
A%
Tn(t)z Ae . (5.1
Tak kak ¢ * ' <1 npu ¢ >0, OLEHUM:

T (t)<A4, (5.2)

N3 ypaBHenus (2.15):

2 2 2
X (x) = “, coS %, X |+sin %, x |. (5.3)
4 HI / /

Ouenum ‘ X, (x)‘ CBEPXY:

X, (x) < 22‘; . (5.4)
N3 ypaBuenus (4.1):

;- l_ lsin(40¢n) N 1—005(405}1) N 4055 +a, sin(405n). (5.5)
"2 8ar, 2H 2HI

3aMeTHuM, 4TO:

l_lsin(4an)+l—cos(4an) o, o ol 5:6)
2 8e, 2H 7 7% '
Tornma:
1 2HI
L|” 40’ +a, sin(4e, )’ 67
VYuureiBas, uto u3 (2.14):
) HLcos|a,
sin{ar, )= % (5.8)
cos’ (Ocn) <1,

16



Y WCTIOJIb3YSI TPUTOHOMETPUYECKUE TOKIECTBA!
sin(2x) = 2sin(x)cos(x),
cos(2x) =2cos’ (x) -1,

BOCIIOJIb3yeMcs ToxkaecTBaMu (5.8) u (5.9) u pacniuiiem Sin<40‘n ):

sin(4an) = 2sin(2an)cos(2an) =

=4sin(05n)cos(a )cos(ZOtn):

n

4HI

=——cos’ (0511)(20052 (an)— 1).

(04
n
OI_[eHI/IM MOJIYYHUBHICCCS BBIPAKCHUC CBCPXY:
(04 a
n n
TO €CTh.
H’l
200 +2HI

1

Ll’l

[Tonw3yscs (5.8):

X—d=[Xd.
cos(20¢n)s 1,

241

sin(Zocn ) < ,
an

OLICHUM.:

41°
L4 Sa (o) -7*)

Otcrona nosy4aercs, 4To:

17

4—chos2 (0(11)(2(:052 (Otn)— 1) < 4—HZ,

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)



2 2a 2
1 oivlc 2I-IZ ., 4rl
L, 202 +2HI HI o, (o - )

H’l 20, 27°l

“whl H o (o) (5.15)

An*H 1
5 (aj + Hl)(ocj — Jrz)'

Tak kak B mpenene ln — ln_l = JT , MBI MOXXEM OLEHUTb Tn—7 < ¢, < 7Th K.

Ly <2t S (16
L, S (2(7tn—7t) +Hl)((7zn—7t) —nz)
[ToacTaBUB UCXOIHBIE 3HAYEHHS H M [, OLIEHHM:
Ly 4|<t® 1 S (5.17)
L, > (n—2)n(7r2(n—1) +4o)
B utore nomnyuaem:
= 716 1
Tt X (x)< | — <
n—ZNH n() n( ) NJ:rl S (n—2)n(7r2(n—1)2+40)
(5.18)

401n[N];_1]—2\/E7r[ﬂ—2arctg[

25(40+7r2)

%)

<
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6 HccaenoBanue HpaKTH‘IeCKOﬁ NPUTOAHOCTH OICHKH OCTaTKa psaaa ¢

MOMOIIBI0 BLIMUC/IUTC/IBbHBIX IKCIICPUMCHTOB

HccnenoBanreM NpPaKTUYECKOW MPUTOJHOCTH OLIGHKU pPsiia 3aHUMAJCS
ctyneHT Anypul A.C.

[TonyuuB OLIEHKY psifia, MPOBEJIEM MCCIEIOBAHUE €€ KauecTBa, CPABHUB

TEOPETHYCCKH  NPEACKAa3aHHOe KOIMYECTBO WieHOB psna (2.18) N,

HEO0OXOAMMOE Il JOCTH)KEHHsSI HEOOXOIMMON TOYHOCTU €, C MPAKTHYECKH
HaiJICHHBIM KOJIHMYECTBOM WiICHOB N ,. Tak Kkak OIeHKa psifia HE 3aBHCHUT OT
KOOpAMHAT Xx W ¢, HAM IPUIETCA NMOCUMUTATh €€ TOJBKO OAuH pa3. Hamporus,
IIPAKTUYECKOE KOJWYECTBO YJIEHOB MBI IIOCYUTAEM B HECKOJBKMX TOYKAX
mana3zoHa 0<x </, 0<¢<T.Tabauna 2 noka3plBacT HalICHHbIC 3HAYECHUS.

Tabauna 2 — KonndecTBo 4iIE€HOB B Pa3IMYHBIX OLIEHKAX OCTaTKa psijaa

£ 10”" 107 10° 10~ 107 10°

N, 1 7 85 848 | 8476 | 84753
NP,x:l(),If:lO1 1 2 2 3 3 4
NP,x=5,t=lO1 1 2 2 3 3 4
NP,x=0,l‘=101 1 1 2 2 3 3
NP,x=10,t=100 1 2 4 6 7 9
N,,x=5,t=10" 1 2 3 5 7 9
NP,x=0,t=10O 1 1 3 5 7 9
N,,x=10,t=10" 1 2 4 8 13 19
N,,x=51t=10" 1 2 3 5 7 7
N,,x=0,t=10" 1 2 5 10 16 22
N, x=10,1=10"" 1 2 4 9 16 27
N, x=51=10" 1 2 3 5 7 25
N,,x=0,t=10" 1 2 6 15 28 44

3 Ta6J'II/II_U)I 2 BHUAHO, 4TO MCIJICHHCC BCCTO psAd CXOAUTCA B TOYKAX,

PAaCIOJIOKCHHBIX Ha KOHIOAX HIUIMHAPA, B MOMCHTLI BPCMCHHU OIU3KHE K
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HadaJlbHOMY. BO3MOXXHO, 93TO CBSI3aHO C MaJICHBKUMH  3HAYCHUSIMH
KOHIICHTpPAIlMd B 3THUX TOYKaX M, COOTBETCTBEHHO, MEIJICHHBIMUA TEMITAMH
muddy3un.

B uenom, TeopeTmueckas oOIleHKa oOkazainach Maio 3¢ddexkTuBHA Ha
NpaKTHKE H3-3a CBOETO ObicTporo pocta. OmHAaKO OHAa BCE PaBHO MO3BOJSET

CYAUTb O CXOJJUMOCTH CaMOTI'0 psAaa.
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7 CueHapuii HCIIOJIb30BAHUS MPOTPAMMBI

Peanuzanuein nporpaMMHOI0 pelieHus 3aHuMancs ctyaeHT AnypuH A.C.

B nannoit paboTe aKTUBHO MCMOJIb30BAIUCh MPOTrPAMMHbBIE HHCTPYMEHTHI
Ha OCHOBE s3bika mnporpammupoBanHus Python 3. C momomipio OuOIMOTEKH
CUMBOJIBHOTO ucyHucieHus Sympy [4] Obul  BepudUUIHMPOBAH MPOLIECC
HaxXOXJICHUSl aHAJIUTUYECKOro pemieHus 3agaur. C MOMOUIbI0 OUOIMOTEKH
Matplotlib [5] 6 co3nanbl rpaduku U wutocTpanuu. beuia peannzoBana
nmporpaMma YHUCJIEHHOTO MOJEIUpPOBaHUs Tpolecca auddy3un BeliecTBa B
HUJIMH]IPE C TOJYHETPOHUIIAEMbIMU MeMOpaHaMH.

Takke ObLIO CO37JaHO OKOHHOE MPHJIOXKEHHE, KOTOPOE€ MHTETPUPYETCS C

CUCTEMOW CHUMBOJIBHOTO ucuucieHus. [IpunoxkeHne MNPOU3BOAUT TOUCK
COOCTBEHHBIX YHCEI (f, W KOI()PUIMCHTOB HHTETPAIBHOTO Pa3IOXKCHUSI 4 IS

HAXOXJCHUS CYMMBI psila W MOclenyrouen Buzyaimmsanuu. I[IporpamMmmHoe
pELICHUE MO3BOJIAET PACCUUTATH IMOJI€ KOHIIEHTPALMU BEIIECTBA B LUJIMHIPE B

m000M MOMEHT BPEMEHH JIJIs1 TF000T0 Pa3yMHOT0 HaOOpa BXOHBIX MapaMeTPOB.

OnuHa unnuuppa |

MNone KoHUeHTpaLun BellecTBa B LWANHAPE, %

KoadpdpuumeHt anodysum D

MeMm6paHHbIii KoaddULMEHT audpdysum H

MoMeHT BpemeHH t

To4YHOCTb NOUCKa COBCTBEHHbIX 3HA4YEHUI

KonnyecTso 4neHoB psifia B CyMMUPOBaHNN

00

Paccuutatb

Pucynok 3 — WuTepdeiic OkOHHOTO MPUIOKEHUS

Pucynox 3 wumocTpupyeT OKOHHOE MpuilokeHue. BupaHo, dro

KOHLCHTpAlUA B Hy.]'[CBOﬁ MOMCHT BPEMCHU COBIIAAACT C HAYAJIbHBIM YCJIOBHUECM

21



3 (1.3). IIporpamMma mo3BOJISIET MOJIB30BATENII0 BBECTH K€JaeMble HadaIbHBIE
mapamMeTphl U MOYYUuTh rpaduK MOJsl KOHIIGHTpAIuy BerecTBa. [IpucyTcTByeT
00paboTYMK OMIMOOK Ha Cilyyad, €Clii MOJh30BaTelb BBEIAET HEKOPPEKTHHIC

JnaHHble. PUCYHOK 4 MIUTIOCTPUPYET TaKyI0 CUTYAIUIO.

[AnuvHa umnuugpa |

Mone KOHUeHTPaLuK BelecTsa B LUAMHAPE, 55 0]

Koadpduument audpoysum D
MeM6paHHbIit kKoadppuumeHT auddysum H

L] ® MoMeHT BpeMeHH t

HekoppeKTHbIi dopMaTt 4ucna: 20]
a TOYHOCTb MOMCKa COBCTBEHHBIX 3HAYEHN

KONMYecTBO Y1eHOB psifia B CyMMUPOBAHNM

Pucynok 4 — BBoJ HEKOPPEKTHOT'O 3HAYEHUS

B ywacTHOCTH, IporpaMma mo3BOJISIET PACCMOTPETh UHTEPECHBIN YaCTHBIN
ciydaid, koraa kodgduiuent AudPy3un D OTHOCUTEIBHO BEJIUK MO CPABHEHUIO
¢ MeMmOpanHbIM KO3 umentom nudpdy3uun H. B Takoil cutyanuu BeecTBO
JOJKHO MTPAKTUUECKH PABHOMEPHO PACIPEACIUTCS O JIJIMHE UIUH]IPA, JIUIIb B
HeOoubIIoN creneHu nudpdyHaupys dyepe3 CTeHKH. PUCYHOK 5 miumtocTpupyet

TAKOW YaCTHBIN CITydail.

22



AnvHa umnuuppa |

[Mone KoHLeHTpaLun BellecTBa B UWMINHApPE, %

Kosddpuument auddysum D

MeM6paHHbIi KoapdUUMEHT anddyaun H
0.

MoMeHT BpeMeHHu t

TOYHOCTb NOMCKa COBCTBEHHDIX 3HaYeHNI

KonnuectBo 4neHoB psiaa B CyMMUpOBaH1U

00

Paccuutatb

Pucynok 5 — MnmrocTpanus 4acTHOIO ciryvas

Hcnonb30BaHWE BEKTOPHBIX ONTUMHU3AIMKA B peald3alMU MPOrpPaMMBbI
MO3BOJISIET JOCTUYh BBICOKOW CTENEHU OBICTPOACHCTBUS, COXpaHSISi TOYHOCTD.

[Ipu 3amaHnu CTaHAAPTHBIX BXOJHBIX JAHHBIX MPOTrpaMMa BBIYUCISET 3HAYCHUS
byHKIIUN u(x,z) C TOYHOCTBIO 710 € =107, 3arpauuBas He 6osee 800HC Ha OaHY

CyMMY psana. Bech mporpaMMHbIN KO MIPUITOKEHHS TPUBEAEH B IPUI0KEHUSIX.
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SAKVIIOYEHUE

B xone BblnoiaHeHUs paboThl ObLIa OCYIIECTBIEHA MOCTAHOBKA KpPaeBOM
3a/1aud MaTeMaTu4eckor Gu3uKu. bbi1o MoaydeHo pa3iokeHue peuieHus 3a1auu
B psan Dypbe MO MOCHETOBATENBHOCTH OPTOTOHAJIBHBIX Oa3UMCHBIX (YHKIIUH.
AHaJIUTUYECKOE BBIpaXKEHUE COOCTBEHHBIX 4YHCEd U KOI(P(DUIIMEHTOB psiaa
0Ka3ajloCh HEBO3MOXKHBIM, OJHAKO OHHM OBUIM HaWJEHBI MNPUOIMIKEHHO
YHUCJICHHBIMU METOJaMHU.

brina ycTaHOBIEHAa CXOAUMOCTD Psifla U HalieHa aHAJIUTUYECKash OIleHKa
ocTaTKa psjaa. bl mpou3BeeH aHaInu3 COOTBETCTBUS 3TOM OIEHKH YHCICHHBIM
pe3yabTaram.

bbb peann3oBaH MpoOrpaMMHBIN KOMIUIEKC ISl CHMBOJIBHOT'O MCUHCIICHUS
pelIeHus 3a/1au ¥ YUCIEHHOTO MOMCKa COOCTBEHHBIX YHCENI U KO3 DUIIHEHTOB
psana. Takxke ObLIO CO31aHO OKOHHOE MPHUIIOKEHUE, CTIOCOOHOE BU3YaTU3UPOBAThH
10Jie KOHIIEHTPAIIUX BEIIEeCTBA B MUJIMHIPE JJIs Pa3IuIHbIX HA0OPOB BXOIHBIX
nmapameTpoB. [lonp3oBaTento  MPEAOCTABISIETCS  BO3MOXXHOCTH  BBOJIUTH
JKeJlaeMble BXOJHBIE TapaMeTphl, IOCJIE YEro IPOBOJIUTCS IPOBEpPKa ATHUX

MapaMeTpPOB Ha KOPPEKTHOCTh M PaCUeT MO KOHIICHTPAIHH.
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ITPUJIOKEHHUE A
KOA UHTEP®EUCA OKOHHOI'O NTPHUJIOKEHUSA

import sys

from PyQt5.QtWidgets import QApplication, QGridLayout,

QGroupBox, QLabel, QLineEdit, QMessageBox, QPushButton, \
QSizePolicy, QVBoxLayout, QWidget

from matplotlib.backends.backend qt5agg import

FigureCanvasQTAgg as FigureCanvas

from matplotlib.figure import Figure

import solver

class App(Qwidget):

def init (self):
super(). init ()

self.solver = solver.Solver()

self.grid = QGridLayout()
self.setLayout(self.grid)

self.resize(1200, 600)

self.plot = PlotCanvas(width=10, height=4)
self.grid.addWidget(self.plot, 1, 1, 1, 1)

param box = QGroupBox()
param vbox = QVBoxLayout()

param vbox.addWidget(QLabel('OnuHa uunuHgpa 1'))
self.l field = QLineEdit('20")

self.l field.setStyleSheet("color: black;")
param vbox.addWidget(self.l field)

param vbox.addWidget(QLabel('Kos¢dpuuunent gupdysum D'))
self.D field = QLineEdit('0.6")

self.D field.setStyleSheet("color: black;")

param vbox.addWidget(self.D field)

param vbox.addWidget(QLabel('MeMbpaHHbIM KO3DPULMEHT

nnddysumn H'))
self.H field = QLineEdit('4")
self.H field.setStyleSheet("color: black;")
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param vbox.addWidget(self.H field)

param vbox.addWidget(QLabel('MoMeHT BpemMeHu t'))
self.t field = QLineEdit('0Q")

self.t field.setStyleSheet("color: black;")
param vbox.addWidget(self.t field)

param vbox.addWidget(QLabel('To4yHOCTb noucka COOCTBEHHbIX
3HA4YeHun'))

self.eps field = QLineEdit('le-9")

self.eps field.setStyleSheet("color: black;")

param vbox.addWidget(self.eps field)

param vbox.addWidget(QLabel('KonunyectBo 4neHos psapga B
CyMMUPOBaHun'))

self.sum count field = QLineEdit('100")

self.sum count field.setStyleSheet("color: black;")

param_vbox.addWidget(self.sum count field)

calc button = QPushButton('PaccuutaTtp')
calc button.pressed.connect(self.calc)
param_vbox.addWidget(calc button)

param vbox.addStretch(1)
param box.setlLayout(param vbox)

self.grid.addWidget(param box, 1, 2, 1, 1)
self.calc()

def show error(self, text):
msg = QMessageBox()
msg.setIcon(QMessageBox.Information)

msg.setText (text)
msg.setWindowTitle("Ounbka pacyeToB")
msg.setStandardButtons(QMessageBox.0k)

msg.exec ()

def calc(self):
try:
1l str = self.l field.text()
1 val = float(l str)
except Exception as e:
self.show error(f'HekoppekTHbin popMaT uucna: {l str}')
return

try:
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D str = self.D field.text()
D val = float(D str)
except Exception as e:
self.show error(f'HekoppekTHbin ¢opMaT
return

try:
H str = self.H field.text()
H val = float(H str)
except Exception as e:
self.show error(f'HekoppekTHbin ¢opMaT
return

try:
t str = self.t field.text()
t val = float(t str)

except Exception as e:
self.show error(f'HekoppekTHbin ¢opMaT
return

try:
eps str = self.eps field.text()
eps val = float(eps str)

except Exception as e:
self.show error(f'HekoppekTHbin ¢opMaT
return

try:
sum _count str
sum_count val = int(sum_count str)
except Exception as e:
self.show error(f'HekoppekTHbin ¢opmaT

{sum_count_str}")

return
if not (
le-3 <= 1 val <= le+3 and
le-3 <= D val <= le+3 and
le-3 <= H val <= le+3 and
0 <= t val <= le+3 and
le-20 <= eps val <= le+3 and

1 <= sum_count val <= le+3

) .

return

Yncna:

Yyncna:

Yyncna:

Yyncna:

self.sum count field.text()

Yncna:

{D str}")

{H str}")

{t str}")

{eps str}"')

self.show error(f'HekoppekTHble BXOOHble OaHHble')

self.solver.set params(l val, D val, H val, t val,

eps val, sum count val)
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plot x, plot y = self.solver.calc()

self.plot.plot(plot x, plot vy)

class PlotCanvas(FigureCanvas):

def init (self, parent=None, width=4, height=4, dpi=100):

fig = Figure(figsize=(width, height), dpi=dpi)
self.axes = fig.add subplot(111)

FigureCanvas. init (self, fig)
self.setParent(parent)

FigureCanvas.setSizePolicy(self, QSizePolicy.Expanding,
QSizePolicy.Expanding)
FigureCanvas.updateGeometry(self)

def plot(self, plot x, plot y):
self.axes.clear()

self.axes.plot(plot x, plot vy)

self.axes.set xlabel('$x, \\mathrm{m}$")

self.axes.set ylabel('$u$')

self.axes.set title('lMone KoHueHTpauuu BewecTBa B
unnuuppe, $\\frac{\\mathrm{kr}}{\\mathrm{m}~33}$")

self.axes.set ylim(0, None)

self.axes.grid(True)
self.draw()

if name_ == "' main_ ':
app = QApplication(sys.argv)
ex = App()
ex.show()

sys.exit(app.exec ())
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HPUJIOKEHUE b
KOJA BBIYUCJIUTEJIBHOI'O MOAYJIA

import datetime
import pickle

import numpy as np

class Solver:
def init (self):

self.l = None
self.D = None
self.H = None
self.t = None

self.eps = le-9
self.sum count = 100

self.alphas = np.zeros(0)

def find root(self, index):
C = self.H * self.l / 2

1L = np.pi * index + self.eps
r=np.pi * index + np.pi / 2 - self.eps
while True:

m=(L+r)/ 2
(m)

val = np.tan(m) - C / m

if abs(val) < self.eps or abs(r - 1) < self.eps:

return m
if val > 0:
r=m
else:
1L =m
def set params(self, 1, D, H, t, eps, sum count):
self.l =1
self.D =D
self.H = H
self.t =t
self.eps = eps
self.sum count = sum_count
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self.alphas = np.array([self.find root(i) for i in
range(self.sum count)])

def calc(self):
plot x = np.linspace(0, self.l, 1000)

start dt = datetime.datetime.utcnow()

plot y np.array([self.calc single(x) for x in plot x])

end dt datetime.datetime.utcnow()

print((end dt - start dt) / 1000)
return plot x, plot vy

# noinspection PyTypeChecker
def calc single(self, x: float) -> float:
if self.l is None:
raise ValueError('Not initialized')

# @formatter:off
return np.sum(
(
-4 * np_pi Xk 9 % (
self.H * self.l * np.sin(2 * self.alphas * x /
self.l)
+ 2 * self.alphas * np.cos(2 * self.alphas * x /
self.l)
) * |
-self.H * self.l * np.cos(2 * self.alphas)
+ self.H * self.l
+ 2 * self.alphas * np.sin(2 * self.alphas)
) * np.exp(
-4 * self.D * self.alphas ** 2 * self.t / self.l **

) / |
5 * (
self.alphas ** 2
- np.pi >k 2
) * |
4 * self.H ** 2 * self.alphas * self.l ** 2
- self.H ** 2 * self.l ** 2 * np.sin(4 *
self.alphas)
- 4 * self.H * self.alphas * self.l * (np.cos(4 *
self.alphas) - 1)
+ 4 * self.alphas ** 2 * (
4 * self.alphas
+ np.sin(4 * self.alphas)
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)
)
)
)
)

# @formatter:on
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HPUJIOKEHUE B
KOAMOAYJA CUMBOJIBHOI'O HCYUCJIEHUA

In [1]: %pylab inline

Populating the interactive namespace from numpy and matplotlib

In [2]: import pandas
import sympy as Q
import matplotlib.pyplot as plt
import math
import pylab as p
import numpy as np
import decimal as d
from scipy.misc import derivative
import pickle
from tgdm import tgdm notebook as tqdm

In [3]: Q.init printing()

In [4]: 1 val = Q.Integer(20)

D val = Q.Integer(6) / 10
H val = Q.Integer(4)
T val = Q.Integer(100)

In [5]: 1, D, H, T, alpha n, N = Q.symbols('L D H T alpha n N')
pi = Q.pi

In [6]: x, t = Q.symbols('x t')
In [7]: lambda n = alpha n * 2 * Q.sqrt(D) / 1

In [8]: with open('roots.pickle’', 'rb') as file:
roots = pickle.load(file)

In [9]: alphas = roots
for alpha val in alphas:
y = (Q.tan(alpha val) - H * 1 / 2 / alpha val).evalf(subs={
H: H val,
1: 1 val
})

assert y < le-9
print('roots ok')

roots ok
In [10]: phi = Q.sin(pl * x / 1) ** 2 * 4 / 10
phi
Out[10]: 2sin® (ZX)
5
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In [11]:

Out[11]:

In [12]:

Qut[12]:

In [13]:

Out[13]:

In [14]:

Out([14]:

In [15]:

In [16]:
Out[16]:

Xn=2%*alphan/H/1*Q.cos(2 * alphan / L * x) \
+ Q.sin(2 * alpha n / 1 * x)

Xn

2 -
2ancos('7*)

. ( 2a,x )
sin ; +

H!

norm = Q.integrate(X n * X n, (x, 0, 1))
norm = norm.as expr set pairs()[0][0]

norm = norm.simplify()

norm

I Isin(4a,) +_sin3(2a") 27  a,sin(4a,)
2 S8a, H H?zI 2H?]

A n = Q.integrate(X n * phi, (x, 0, 1))

A n = A n.as expr set pairs()[-1][@] / norm
An = A n.simplify()

A n

47> Hl(—Hlcos (2a,) + HI + 2a, sin (2a,))

S(a? —7%) (4H2a, > — H2[ sin (4a,) + 8Ha,l sin® 2a,) + 4a? (4a, + sin (4a,)))

- = -
=23 3

A n * 0.exp(-lambda n**2 * t)
T n.simplify()

»“h:;‘:’

4x* HI(=Hlcos 2a,) + HI + 2a, sin(2a,))e =

5(a? —7%) (4H2a,l* — H2I? sin (4a,) + 8 Ha, I sin® (2a,) + 4ai (4a, + sin (4a,)))

uelem = (T n * X n).subs({

H:
bz
D:

H val,
1 val,
D val,

}).simplify()

u elem

4 (a, os

%) + 40 sin ( %)) (a, sin (2a,) — 40cos (2a,) +40) ¢ T

5 (a2 — 72) (a2 (4, + sin (4a,)) + 160a, sin® (2a,) + 6400a, — 1600sin (4a,))
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In [17]:

In [18]:

Out[18]:

In [19]:

Qut[19]:

In [23]:

u = sum([
u elem.subs({
alpha n: alpha val,
1)
for alpha val in tqdm(alphas)
1)

(T n* X n).subs({
H: H val,
1: 1 val,
D: D val,
}).simplify()

4n2(ancos(%gj-+405h1(ﬁg))(angn(zan)-40cos(2an)+-40)e~%%

5 (a2 — 72) (a? (4a, + sin (4a,)) + 160a, sin® 2a,) + 6400a, — 1600 sin (4a,))

f u = Q.lambdify((x, t), u)
f u(e, 0)

5.266645799609216¢ — 07

X
y

linspace(0, float(l val), 1000)
[f u(i, 0) for i in x]

plot(x, y)

title('KoHueHTpauus B MoMeHT t=0')
grid(True)

xlabel('x")

ylabel('u")

None

KOMUCSHTPIUMA B MOMENT t=0
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