
Ëàáîðàòîðíàÿ ðàáîòà �1 ïî êóðñó îïòîèí�îðìàöèîííûå òåõíîëîãèè è ñèñòåìû.
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Îñíîâû òðåéñèíãà ëó÷åé

February 24, 2018

1 Îïèñàíèå ëó÷à â èçîòðîïíîé ñðåäå

Ëó÷ çàäàí ïàðàìåòðè÷åñêè â âèäå:

~r = ~ρ0 + ~et (1)

Çäåñü~ρ0 - ðàäèóñ-âåòîð òî÷êè íà÷àëà ëó÷à; ~e - âåêòîð íàïðàâëåíèÿ ëó÷à (äëÿ óïðîùåíèÿ â äàëüíåéøåì áóäåì ñ÷èòàòü,
÷òî (~e, ~e) = 1); t - ïàðàìåòð, îïðåäåëÿþùèé äëèííó ëó÷à. Òàêàÿ çàïèñü ñïðàâåäëèâà òîëüêî äëÿ èçîòðîïíûõ ñðåä!

2 Ïåðåñåñ÷åíèå ñ ïëîñêîñòüþ

Óðàâíåíèå ïëîñîêñòè (
(

~a,~b
)

- ñêàëÿðíîå ïðîèçâåäåíèå ):

(~n, (~r − ~r0)) = 0

Çäåñü ~n- âåêòîð íîðìàëè ê ïëîñêîñòè; ~r0- ðàäèóñ âåêòîð ÷åðåç êîòîðûé ïëîñêîñòü ïðîõîäèò.
×òî áû íàòè òî÷êó ïåðåñå÷åíèÿ:

(~n, (~ρ0 + ~et− ~r0)) = 0

(~n,~e) t = (~n,~r0 − ~ρ0)

t =
(~n,~r0 − ~ρ0)

(~n,~e)

Â òîì ñëó÷àå, åñëè
~ρ0 = [0, 0, 0]

~r = ~et (2)

Èìååì:

t =
(~n,~r0)

(~n,~e)

3 Ïðåîáðàçîâàíèå êîîðäèíàò

Äâîëüíî ïðîñòî èñêàòü ïåðåñå÷åíèå ëó÷åé ñ ãåîìåòðè÷åñêèìè îáúåòàìè,íàõîäÿùèìèñÿ â íà÷àëå êîðäèíàò. Íàïðèìåð,
äëÿ ïëîñîêîñòè óäîáíî ñäåëàòü òàê, ÷òî áû âåêòîð íîðìàëè ê íåé ñîâïàë ñ îñüþ z. Ñàìà ïëîñêîñòü ïðîõîäèò ÷åðåç îñè
Ox è Oy. Îñü âðàùåíèÿ ñ�åðè÷åñêèõ ïîâåðõíîñòåé òàê æå äîëæíà ñîâïàäàòü ñ Oz, íî åñòü íþàíñ ñâÿçàííûé ñî çíàêîì
êðèâèçíû ïîâåðõíîñòè:

1)Åñëè êðèâèçíà ïîâåðõíîñòè îòðèöàòåëüíà, òî êîîðäèíàòû öåíòðà ñ�åðû â áóäóò:[0, 0,−R]
2)Åñëè êðèâèçíà ïîâåðõíîñòè ïîëîæèòåëüíà, òî êîîðäèíàòû öåíòðà ñ�åðû â áóäóò:[0, 0, R]

Ïóñêàé ñîáñòâåííûé áàçèñ ïîâåðõíîñòè ñîñòîèò èç òð¼õ âåêòîðîâ: ~t - òàíãåíò; ~b - áèòàíãåíò; ~n - íîðìàëü, êîòîðàÿ
ñîâïàäàåò ñ îñüþ Z.

Â âèäå ìàòðèö ýòî ìîæåò áûòü çàïèñàíî ñëåäóþùèì îáðàçîì:
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



~t
~b

~n



 =





1 0 0
0 1 0
0 0 1





×òî áû çàäàòü ïîâåðõíîñòè îðèåíòàöèþ áàçèñ íóæíî óìíîæèòü íà ìàòðèöó ïîâîðîòà è ñäâèãà.
Ìàòðèöà ïîâîðîòà ñîñòîèò èçà ïðîèçâåäåíèÿ òð¼õ ìàòðèö äëÿ ïîâîðîòà ïî îòäåëüíûì îñÿì:

Mrot (α, β, γ) = Mx
rot (α)M

y
rot (β)M

z
rot (γ) =

=





1 0 0
0 cos (α) −sin (α)
0 sin (α) cos (α)









cos (β) 0 sin (β)
0 1 0

−sin (β) 0 cos (β)









cos (γ) −sin (γ) 0
sin (γ) cos (γ) 0

0 0 1





Îïåðèðîâàòü áóäåì ÷åòûð¼õìåðíûìè ìàòðèöàìè, ïîýòîìó ìàòðèöó ïîâîðîòà ìîäè�èöèðóåì ñëåäóþùèì îáðàçîì:

Mrotation (α, β, γ) =

[

Mrot (α, β, γ) 0
0 1

]

Ñòîèò îòìåòèòü çàìå÷àòåëüíîå ñâîéñòâî òàêîé ìàòðèöû:

Mrotation (α, β, γ)
−1 = Mrotation (α, β, γ)

T

Âûáîð ÷åòûð¼õìåðíûõ ìàòðèö öåëåñîîáðàçåí òåì, ÷òî ìû ìîæåì çàïèñàòü ìàòðèöó ñäâèãà â ñëåäóþùåì âèäå:

Mshift (~r) =









1 0 0 rx
0 1 0 ry
0 0 1 rz
0 0 0 1









Òåì ñàìûì âñå ïðåîáðàçîâàíèÿ íàä ëó÷àìè ìû ñâåä¼ì ê ìàòðè÷íûì ïðåîáðàçîâàíèÿì.
Âåêòîðû, êîòîðûå áóäóò ïîäâåðãàòüñÿ ïðåîáðàçîâàíèÿì äîëæíû óäîâëåòâîðÿòü ñëåäóþùèì óñëîâèÿì :
Åñëè âåêòîð çàäà¼ò ïîëîæåíèå â ïðîñòðàíñòâå, òî îí èìååò ñëåäóþùèé âèä:

~r = (rx, ry, rz , 1) ;

Åñëè âåêòîð çàäà¼ò íàïðàâëåíèå , òî:

~e = (ex, ey, ez, 0) ;

Ëåêãî óáåäèòüñÿ â òîì, ÷òî âåêòîð íàïðàâëåíèÿ èíâàðèàíòåí îòíîñèòåëüíî ñäâèãà.
Ïîëó÷àåòñÿ, ÷òî äëÿ ïðîèçâîëüíîãî àíàëèòè÷åñêè çàäàííîãî ãåîìåòðè÷åñêîãî îáúåêà, êîòîðûé íàõîäèòñÿ â òî÷êå ~r0è

îðèåíòèðîâàí óãëàìè (α, β, γ)òî÷êè ïåðåñå÷åíèÿ ëó÷åé èùóòñÿ ïî ñëåäóþùåìó àëãîðèòìó:
1) Ìû äîëæíû ïåðåéòè ñîáñòâåííóþ ñèòåìó êîîðäèíàò îáúåêòà, ïðåîáðàçîâàâ íà÷àëà è íàïðàëåíèÿ ëó÷åé:

~r′ =





















~t
~b

~n



 0

0 1









Mrotation (α, β, γ)









Mshift (~r) (~r, 1)
T

~e′ =





















~t
~b

~n



 0

0 1









Mrotation (α, β, γ)









Mshift (~e) (~e, 0)
T

Ïîâîðîò èíâàðåàíòåí îòíîñèòåëüíî ñäâèãà, ïîýòîìó:

~e′ =





















~t
~b

~n



 0

0 1









Mrotation (α, β, γ)









(~e, 0)
T

Îïðåäåëèòü òî÷êè ïåðåñå÷åíèÿ ëó÷åé ñ ïîâåðõíîñòüþ. Ïàðàìåòðè÷åñêàÿ çàïèñü â ýòîì ñëó÷àå î÷åíü óäîáíà òåì, ÷òî
äëèíà ëó÷à îò íà÷àëà äî ïåðåñå÷åíèÿ ñ ïîâåðõíîñòüþ èíâàðèàíòíà îòíîñèòåëüíî ïîâîðîòà è ñäâèãà. Äëèíà ëó÷à, êàê
áûëî óêàçàíî ðàíåå, ÿâëÿåòñÿ çíà÷åíèåì ïàðàìåòðàt.
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4 Ïåðåñå÷åíèå ëó÷à ñî ñ�åðîé

Ëó÷ çàäàí ïàðàìåòðè÷åñêè â âèäå:

~r = ~r0 + ~et (3)

Ñ�åðà çàäàíà â âèåäå :

(~ρ− ~ρ0, ~ρ− ~ρ0) = R2 (4)

×òî áû íàéòè òî÷êó ïåðåñå÷åíèÿ íàì íàäî ïîäñòàâèòü 1 â 2:

(~r0 + ~et− ~ρ0, ~r0 + ~et− ~ρ0) = R2

Ïåðåçàïèøì ýòî âñ¼ â âèäå îò t:

(rx + ext− ρx)
2
+ (ry + eyt− ρy)

2
+ (rz + eyt− ρz)

2
= R2

(rx + ext− ρx)
2
+ (ry + eyt− ρy)

2
+ (rz + eyt− ρz)

2
= R2

r2x + 2rx (ext− ρx) + (ext− ρx)
2
+ r2y + 2ry (eyt− ρy) + (eyt− ρy)

2
+ r2z + 2rz (ezt− ρz) + (ezt− ρz)

2
= R2

r2x + 2rxext− 2rxρx + e2xt
2 − 2texρx + ρ2x + ...

+r2y + 2ryeyt− 2ryρy + e2yt
2 − 2teyρy + ρ2y + ...

+r2z + 2rzezt− 2rzρz + e2zt
2 − 2tezρz + ρ2z = R2

(

e2x + e2y + e2z
)

t2 + 2t (rxex − exρx + ryey − eyρy + rzez − ezρz) + (rx − ρx)
2
+ (ry − ρy)

2
+ (rz − ρz)

2
= R2

Ïîñëåäíåå âûðàæåíèå ìîæíî çàïèñàòü êîìïàêòíî â âèäå:

(~e, ~e) t2 + 2t (~r0 − ~ρ0, ~e) + (~r0 − ~ρ0, ~r0 − ~ρ0)−R2 =

Â òàêîì ñëó÷àå:

t1,2 =
− (~r0 − ~ρ0, ~e)±

√

(~r0 − ~ρ0, ~e)
2 − (~e, ~e) ((~r0 − ~ρ0, ~r0 − ~ρ0)−R2)

(~e, ~e)

Òàê êàê:

(~e, ~e) = 1

t1,2 = − (~r0 − ~ρ0, ~e)±

√

(~r0 − ~ρ0, ~e)
2
− (~r0 − ~ρ0, ~r0 − ~ρ0) +R2

Åñëè ñ�åðà íàõîäèòñÿ â öåíòðå

t1,2 = − (~r0, ~e)±

√

(~r0, ~e)
2
− ((~r0, ~r0)−R2)

Ëó÷ ïåðåñå÷¼ò ñ�åðó òîëüêî â ñëó÷àå

(~r0 − ~ρ0, ~e)
2 −

(

(~r0 − ~ρ0, ~r0 − ~ρ0)−R2
)

≥ 0

Åñëè ëó÷ ïåðåñåêàåò ñ�åðó, òî äëÿ íîðìàëè â òî÷êàõ ïåðåñå÷åíèÿ èìååì äâà âàðèàíòà:

~n =
~r (t1,2)− ~ρ0

‖~r (t1,2)− ~ρ0‖

Åñëè ó íàñ âûïóêëàÿ ïîâåðõíîñòü, òî
(~n,~e) > 0

Åñëè âîãíóòàÿ, òî
(~n,~e) ¡0
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5 Ïåðåñå÷åíèÿ ëó÷à ýëèïñîéäîì

Ëó÷ çàäàí ïàðàìåòðè÷åñêè â âèäå:

~r = ~r0 + ~et (5)











x = x0 + ext

y = y0 + eyt

z = z0 + ezt

Ýäèïñ çàäàí â âèäå:

(x− ρx)
2

a2
+

(y − ρy)
2

b2
+

(z − ρz)
2

c2
= 1 (6)

(x0 + ext− ρx)
2

a2
+

(y0 + eyt− ρy)
2

b2
+

(z0 + ezt− ρz)
2

c2
= 1

x2

0
+ 2x0 (ext− ρx) + (ext− ρx)

2

a2
+

y2
0
+ 2y0 (eyt− ρy) + (eyt− ρy)

2

b2
+

z2
0
+ 2z0 (ezt− ρz) + (ezt− ρz)

2

c2
= 1

x2

0
+ 2x0ext− 2x0ρx + e2xt

2 − 2exρxt+ ρ2x
a2

+ ...

+
y2
0
+ 2y0eyt− 2y0ρy + e2yt

2 − 2eyρyt+ ρ2y

b2
+ ...

+
z2
0
+ 2z0ezt− 2z0ρz + e2zt

2 − 2ezρzt+ ρ2z
c2

= 1

Ñãðóïïèðóåì

e2xt
2 + 2 (x0ex − exρx) t+ ρ2x − 2x0ρx + x2

0

a2
+ ...

+
e2yt

2 + 2 (y0ey − eyρy) t+ ρ2y − 2y0ρy + y2
0

b2
+ ...

+
e2zt

2 + 2 (z0ez − ezρz) t+ ρ2z − 2z0ρz + z2
0

c2
= 1

Åù¼ ðàç óïðîñòèì:

e2xt
2 + 2 (x0ex − exρx) t+ (ρx − x0)

2

a2
+ ...

+
e2yt

2 + 2 (y0ey − eyρy) t+ (ρy − y0)
2

b2
+ ...

+
e2zt

2 + 2 (z0ez − ezρz) t+ (ρz − z0)
2

c2
= 1

âíåñåì ïàðàìåòð t:

(

e2x
a2

+
e2y

b2
+

e2z
c2

)

t2 + 2t

(

(x0ex − exρx)

a2
+

(y0ey − eyρy)

b2
+

(z0ez − ezρz)

c2

)

+
(ρx − x0)

2

a2
+

(ρy − y0)
2

b2
+

(ρz − z0)
2

c2
= 1

Óìíîæèì âñ¼ íà (abc)
2

(

(bc)2 e2x + (ac)2 e2y + (ab)2 e2z

)

t2 + ...
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+2t
(

(bc)
2
(x0ex − exρx) + (ac)

2
(y0ey − eyρy) + (ab)

2
(z0ez − ezρz)

)

+ ...

+(bc)
2
(ρx − x0)

2
+ (ac)

2
(ρy − y0)

2
+ (ab)

2
(ρz − z0)

2
= (abc)

2

Ââåä¼ì äèàãîíàëüíóþ ìàòðèöó:

Mabc =





bc 0 0
0 ac 0
0 0 ab





Òîãäà ïîñëåäíåå âûðàæåíèå ìîæíî ëåãêî è êîìïàêòíî çàïèñàòü â ñëåäóþùåì âèäå:

(

Mabc~e
T ;Mabc~e

T
)

t2 + 2t
(

Mabc~e
T ;Mabc (~r − ~ρ0)

T
)

+
(

Mabc (~r − ~ρ0)
T ;Mabc (~r − ~ρ0)

T
)

− (abc)2 = 0

Ïîëó÷èëè îáû÷íîå êâàäðàòíîå óðàâíåíèå äëÿ êîòîðîãî

D = 4

[

(

Mabc~e
T ;Mabc (~r − ~ρ0)

T
)2

−
(

Mabc~e
T ;Mabc~e

T
)

((

Mabc (~r − ~ρ0)
T
;Mabc (~r − ~ρ0)

T
)

− (abc)
2

)

]

t1,2 =
−
(

Mabc~e
T ;Mabc (~r − ~ρ0)

T
)

±
...

±

√

(

Mabc~eT ;Mabc (~r − ~ρ0)
T
)2

− (Mabc~eT ;Mabc~eT )
((

Mabc (~r − ~ρ0)
T ;Mabc (~r − ~ρ0)

T
)

− (abc)2
)

(Mabc~eT ;Mabc~eT )

6 Àëãîðèòì òðàññèðîâêè ëó÷à íà îòðàæàþùåé ïîâåðõíîñòè

Ïðè òðàññèðîâêå ëó÷åé ÷åðåç êàêóþ-ëèáî ïîâåðõíîñòü íåîáõîäèìî ñäåëàòü òðè øàãà:
1) Íàéòè òî÷êè ïåðåñå÷åíèÿ äëÿ ïàäàþùèõ íà ïîâåðõíîñòü ëó÷åé è îòñåÿòü òå ëó÷è, êîòîðûå åå íå ïåðåñåêàþò.
2) Îïðåäåëåèòü ãåîìåòðè÷åñêèå è �èçè÷åñêèå (íàïðèìåð, íîðìàëü è êîý��èöèåíò ïðåëîìëåíèÿ) ñâîéñòâà ïîâåðõíîñòè

â òî÷êàõ, ãäå åå ïåðåñåêàþò ëó÷è.
3)Ñîçäàòü íîâûå ëó÷è, êîëè÷åñòâî êîòîðûõ ðàâíî êîëè÷åñòâó òîé ÷àñòè èñõîäíûõ ëó÷åé, êîòîðûå ïåðåñåêëè ïîâåðõíîñòü.

Ïîñ÷èòàòü óãëû îòêëîíåíèÿ è óñòàíîâèòü äëÿ êàæäîãî ëó÷à â êà÷åñòâå r0êîîðäèíàòû òî÷êè ïåðåñå÷åíèÿ ñ ïîâåðõíîñòüþ.
Íàïðàâëåíèå îòðàæ¼ííîãî ëó÷à çàäà¼òñÿ �îðìóëîé:

~e′ = ~e− 2 (~e, ~n)~n

7 Àëãîðèòì òðàññèðîâêè ëó÷à íà ïðåëîìëÿþùåé ïîâåðõíîñòè

Àëãîðèòì àíàëîãè÷åí ïðåäóäùåìó, ñ òîé ëèøü ðàçíèöåé, ÷òî òåïåðü íàïðàâëåíèå ëó÷à îïðåäåëÿåòñÿ èç ñëåäóþùèõ

ñîîáðàæåíèé:

cosα1 = (~e, ~n)

sinα1 =
√

1− cos2 α1 =

√

1− (~e, ~n)
2

sinα1

sinα2

=
n2

n1

sinα2 =
n1

n2

sinα1 =
n1

n2

√

1− (~e, ~n)
2

cosα2 =

√

1− sin2 α2 =

√

1−
n2

1

n2

2

(

1− (~e, ~n)
2

)

=

√

1−
n2

1

n2

2

+
n2

1

n2

2

(~e, ~n)
2
=

n1

n2

(~e, ~n)

√

n2

2
− n2

1

(~e, ~n)
2
n2

1

+ 1
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G = n1 cosα1 − n2 cosα2

n2~e
′ = n1~e− ~nG = n1~e− ~n

(

n1 (~e, ~n)− n1 (~e, ~n)

√

n2

2
− n2

1

(~e, ~n)
2
n2

1

+ 1

)

= n1~e− (~e, ~n)~nn1

(

1−

√

n2

2
− n2

1

(~e, ~n)
2
n2

1

+ 1

)

Çäåñü n1-êîý��èöèåíò ïðåëîìëåíèÿ ïåðåä ïîâåðõíîñòüþ,n2-êîý��èöèåíò ïðåëîìëåíèÿ ïîñëå ïîâåðõíîñòè.
Çàäàíèå

1. Òðåáóåòñÿ ñîçäàòü ïðîãðàììó, êîòîðàÿ çàïðàøèâàåò ïàðàìåòðû ëó÷à è ïàðàìåòðû ïîâåðõíîñòè. ðåçóëüòàòîì ðàáîòû
ïðîãðàììû äîëæíû áûòü êîîðäèíàòû òî÷êè ïåðåñå÷åíèÿ ëó÷à ñ ïîâåðõíîñòüþ.

Â êà÷åñòâå ïîâåðõíîñòè âûáðàòü ïëîñêîñòü, ñ�åðó, ýëëèïñîèä.
2. Íà âõîäå òîæå ñàìîå. Íà âûõîäå ïàðàìåòðû ëó÷à, îòðàæåííîãî äàííîé ïîâåðõíîñòüþ.
3. Íà âõîäå òîæå ñàìîå. Íà âûõîäå ïàðàìåòðû ëó÷à, ïðåëîìëåííîãî äàííîé ïîâåðõíîñòüþ.
4. Ñîçäàòü ìåõàíèçì îòîáðàæåíèÿ õîäà ëó÷åé è ïîâåðõíîñòè â äâóìåðíîì ñëó÷àå.
5*. Ñîçäàòü ìåõàíèçì îòîáðàæåíèÿ õîäà ëó÷åé è ïîâåðõíîñòè â òðåõìåðíîì ñëó÷àå.
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